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Abstract
We give a proof of the generalisation of Mendes-France and Van der Poorten's
recent result over an arbitrary field of pesitive characteristic and then by extending a
result of Carlitz, we shall introduce a class of algebraically independent series.

Introduction
In 1986, M. Mendes-France and A. J. Van der

Poorten [5] showed that if f=)Ya x" EFHXH is

n=0
algebraic, where F is a finite field of characteristic p>0,
ag =l and f#1 and if A is a p-adic integer, then s
algebraic if, and only if A is rational. One can generalise
this result from a finite field to an infinite field of
characteristic p>0. However, we shall generalise this
.result and prove the following theorem:
Theorem A. Suppose that K is a field of
characteristic p>0. Suppose that f = Zanx" £ K{ [x” is
n20

Let
A A,y,.A be p-adic integers. Then the following

algebraic over K, where a,=1anda,=0.

conditions are equivalent:
i) 1, A}, A,,.., A are linearly independent over Q.

if) (1+x)}", A+ ™2, (14x) " are algebraically
independent over K(x).

i) £, £, .. f** are algebraically independent
over K(x).

Throughout this paper, p will be a prime number.
We shall denote the ring of p-adic integers by z,, and the

Keywords: Ficld, P-adic Integer, Formal Power Series, Algebraic

Independence

50

Galois Field of order p by F .

2. Preliminaries.
Let p be a prime. Every p-adic integer ()EZp (not necessarily

oo

rational*) has a unique p-adic expansion 0 = Eeip‘,
i=0

where 0,€z and 0<b;<p-1. We define for any 6z, the
formal power series

(1+0°= % (g)x", @1
n=0

8 (6-1) (6-2)...(8-n+1)
n!

where(ﬁ):

We state the following well-known lemma.
Lemma 2.1.If ez, then .

(1+x)°e zp“x]]. That is, (g )€ z, for all n N.

Proof. For example, see Koblitz [4, p.3].
Remark 2.2. Suppose now that f, is the reduction of

(1+x)e modulo the prime p. Since the map§—— f

is a continuous function (with respect to the x-adic

metric on Fp[[x]] ) from z,, to Fp“x]] ), for a formal

(*) A p-adic integer may be an irrational number. For example,
6= Y p” is an imrational (in fact transcendental) p-adic integer in
50

Zp‘
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oo

power series f = 1+ ) a x” and 8¢z, we have

n=1

Eeipi -

=1+ =[] (1407 o, =2(g ) (t-1)"
i=0 n=0

which is an element of FPHXH (see [5] ).

Let K be a field. KHXH will denote the ring of
formal power series in x with coefficients in K, that is,

oo

fe KHxH iff=Y a,x", wherea, ¢ K.

n=0

We shall write K((x)) for the field of fractions of
KHXH
An element f € K((x)) is said to be an algebraic series

over K if F is algebraic over the field of rational
functions K(x).

3. Results

M. Mendes-France and A. J. Van der Poorten in [3],
in analogy with the Gelfond-Schneider theorem
conjectured and later, with a slight modification, proved
the following theorem.
Theorem 3.1. Suppose that F is a finite field of
characteristic p>0. Suppose that f= Zanx" e F HXH

n20

is algebraic over F, where a; =1 and f# 1. LetA ez,

be a p-adic integer. Then A is rational if, and only if, £
is algebraic over F.

One can generalise this theorem from a finite field to
an infinite field of characteristic p>0 by use of the
following lemma:

Lemma 3.2. Suppose that K is any field. If h & K((x))
is an algebraic function over L, where L is an
extension field of K, then h is an algebraic function over
K.

Proof. See Sharif-Woodcock [6, Theorem 6.1, p.401]
for the case of several variables.

More generally, we intend to extend Theorem 3.1
and prove Theorem A. (*) First we need some more

(*) M. Mendes-France has informed me that he, J.P. Allouche
and A. J. Van der Poorten have independently proved this Theorem
over afinilte field, by a somewhat different method. Their proof has
now appeared in {1].
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lemmas.
Lemma 3.3. Let K be any field. Suppose that

f=Yax"eK(x) isan

n=1

algebraic series, wher a,#0andh 1ha,.h e K((x))
are algebraically dependent over K(x). Then
h, of, h, of,...,h_ of arc algebraically dependent over
K(x).
Proof. Since a, =0, the formal composition h; of
exists fori=1, 2,..., n.

Now since h;,h,,....h, are algebraically dependent

over K(x), there exist elements o, i in K(x), not
1.1 ...
12 n
all zero, such that

2 z Oti‘iz,_j"(x)hi]‘ h|22 hi" =0

n

1<jsn  1<i €N,

Hence

X, 3.1
> o
i,=1 i,ig...1p (D (hy of) " (h, of) "... (h, of) =0
j=12,..n

Equation (3.1) is non-trivial, since otherwise, if gis
the compositional inverse of f (which in fact exists as
a,=0anda # 0), then composing g with (3.1) we get

the equation
Nl . . .
Y o (0h) by hy =0
=1

j=12,...n
is trivial, which is a contradiction. Therefore,
h, of, h, of,...,h  of are algebraically dependent over K
(x,f). Since f is algebraic, h, of, h, of,....h,, of are
algebraically dependent over K(x) (see Van derWaerden
{7, Theorem 3, p. 201})

The following lemma is a generalisation of Lemma
3.2 to the case of several functions.
Lemma 3.4. Suppose that K is any field. Suppose
that h h,,....h € K(x)) . If hh,...hy
algebraically dependent over L(x), where L is an

are

extension field of K, then h h,,....h, are algebraically

dependent over K(x).
Proof. Since hh,,....,h, are algebraically dependent

over L(x), there exist polynomials a; ; ; in L[x] (after

clearing the denominators), not all zero, such that
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NJ . . .
Y ;. by hy. hr=0
i =0

j=12,..n
For each n-tuple (i,,i,,....i ), ij=0,1,2,..,N; andj
= 1,2,...,n we have
ainiz"'in (X) = z bixir"inj x’
i

{a finite sum) and from the above there exists some

coefficient b, , ., €L which is non-zero. Letb, ; .
[LFEITL 20 n

be the first element of a basis B for L over K. Define a
K-linear map ¢: L——K such that if B € B then

1 if ﬁ=biliwik
oP =
0 otherwise.
Hence, if we denote ¢ (B) by P then from (3.2) we

get
N

Z —a—iliz'"i" (X) h||| hlz’ h:1" = O’
i,=0

i=12,..n

where the finite sum

iy, (=Y bii, ijx
j

is a non-zero element of K[x] for some
(i,i4,...,i,), by the choice of ¢.

Therefore, h,h,,....h, are algebraically dependent
over K(x) and hence the proof is complete.

Note. The above theorem can be generalised to the
case of several vairables.

In [6] we introduced a splitting process for series over
a perfect field and defined associated semi-linear operators
on the field of fractions of the ring of formal power
series. We state the following lemma whose proof (in
the case of several variables) can be found in [6].
Lemma 3.5. Let K be a perfect field of
characteristic p>0. If f¢ K“XH (r'espectively K((x))),

p-1
then f can be written uniquely as f = Zx'fip for some
i=0
f, e K“ X” (respectively K((x))).
Now for i € {0,1,2,...,p-1} define

E;: K((x))——K((x)) by E;(f) =f,. For f £ K((x)), by
Lemma 3.5 we have
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f= 2 x' (Ei(f))p, 3.3)
i=0

Remark 3.6: and

oo

Zocipi be the p-adic expansion of o in z,. Let
i=0
fo =(1+0% € F_[[x]]. Then
} P
Hence by Lemma 3.5 and equation (3.3), we have
o—a

(1+x) P

Let o be a p-adic integer

o0,

(1+x) P

fo=1+0)% = (14x)™

E,(f,) = ( 0;0

fori=0,1,2,...p-1.
First we prove the following lemma.
that 6,0,,..0 € Z,. If

1,8,,8,...8, are linearly independent over Q, then

Lemma 3.7.  Suppose

fo ,fez,...,f9 are algebraically independent over F ().
Proof. Suppose that fe, ’fez’---»fe“ are algebraically

dependent over Fp(x). Then there exist polynomials

(after clearing the denominators) Pii,.i (x) in Fp[x],not
all zero, such that
N] . . .
2 P Wf fg. fg =0 (34)
i;=0 ) ’
j=12,..,n

By a change of variable let Pii. i bea

polynomial in (1+x),

i
P . o+l
Lyl (14x)

Nm!
Pii,.i(®=23 a
i=0

Nn+|
= Z ailil"'in-ﬂ fim-l
in¢l=‘)
say, where a; ; ; & F and some ;. %0

Hence from the above equation and equation (3.4) as
f, = (1+x)* we get
N

1

)y CYRT fi‘0,+i,9,+i,e_+i_., =0, (35

i,=0
j=12,..n+l
Let

B,=1,8; +i,0; +.. + i 0,+1,,,

where ¥ = (i},i,,...,i,,;). Then from (3.5) wc can write
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Ya,fo=0 (3.6)
Y

(a finite sum). Let r,r>1 be the number of non-zero
terms in (3.6). Since 1,0,,6,,.0, are linearly

independent over Q, 6,# 8, for y # ©. Suppose that we
choose an equation of the form (3.6) with r minimal.
‘Now for the p-adic integer

a=Y op
=0
define
T =Y o+l"
i=0
Then we have

o= 0,+pT (). 3.7

Suppose that GY(O) =n, is the coefficient of p0 in

the p-adic expansion of the p-adic integer

97 = 2 nk_ypk'
x=0

Suppose that the GY(O) are equal. Using (3.7), as

(3.8)

8,# 0,5, we have that T (6,) #T (85). Hence from (3.6)
we get
ZanT ©) = 0. 3.9)
Equivalently, applying E to (3.6) by Remark 3.6
we get (3.9). Now, by applying E to (3.6) repeatedly,
without loss of generality, we can assume that the
GY(O) are not all equal. For, in (3.8), as 0,# 65, we
have Ny, # N for some k.
Now suppose that A = max 8,(0) . Hence there exist
¥, 6 such that 6,(0) =2 and 0,(0) <A. By Remark 3.6

we have
E,L((1+x)9’) _ (GY;O) ) (10T = (14T ®)
and

T®,)

EY (1+x)9" = (90;0) ) (14x) =0.

Hence by applying E; to (3.6) we get
z

v a,fr ®,)
8, (0) =A

=0, (3.10)

which is non-trivial and shorter than (3.6). Moreover,
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from (3.7) we have
T®,)#TO0)
if 0.{(0) # 0 (0) fory # & Hence we have a similar
equation to (3.6) of length <r, which is a contradiction.
Therefore, fel ,fez,...,fe" are algebraically independent
over F ,(x) and hence the proof is complete.
We are now in a position to prove Theorem A.

Proof of Theorem A. (i) implies (ii) Suppose that
1,A,hpA, are linearly independent over Q If

) A A,
1+, (14x) 7., (14X)
dependent over K(x), then by Lemma 3.4, they are also
algebraically dependent over Fp(x) which is a

are algebraically

contradiction by Lemma 3.7.
A
(ii) implies (iii) Suppose that f}"' N ,...,f}”" are
algebraically dependent over K (x). Since a, =1 we can

change the notation to set

f=) ax"
n=1
(that is, we replace f by f-1). Let
f, x)= (14x)™
fori=1,2,3,....,n. Then
f of, £y of..... £y of
are algebraically dependent over K (x) by assumption.
Suppose that g = anx" is the formal compositional

n21
inverse of f. Then g is algebraic over K. Hence by
Lemma 3.3, since b, # 0 by the choice of f,
(f;‘l of) og, (fxzof) 0g,..., (fxn‘)f) og
are algebraically dependent over K(x) which is a
contradiction to the hypothesis. That is, f’», f A, ,...,fx"

(iii) implies (i) Suppose that 1,A;,A,,., A, are
linearly dependent over Z. Then there exist

1,)\,1,}\.2,..., }\, £

by DOE all zero, such that

1 A4 At A tr =0
Thus
@@L O™ =L
Hence £ I b ,f}” " are algebraically dependent over

K (x,f). Since f is algebraic over K, we get that

A .

f ‘,fk2 ,fl" are algebraically dependent over K (x) (see
Van der Waerden [7, Theorem 3, p. 201]), which is a
contradiction and hence the proof is complete.
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4. Some Further Results.
In this section F will denote the Galois Field of order

p.pprime and f= Y x¢
n=0G i
L. Carlitz in [2] conjectured that the expansion

zf-3

', where q = p*.

6+nq K P @

n=0
where 0 is an arbitrary rational number with
denommator prime to p, holds over F. Later, in [3] he
proved this conjecture:
Theorem 4.1. Let 8 & Q with denominator prime to
p. Then

6+nq X n{q-1)

=3
n0
We shall show that this expansion does hold over F

for any p-adic integer 6 € z,. Then, we shall introduce a

class of a Igebraically independent series.

oo

Note that f = Z x94T o 1+2 x4

n=0 n=|
Hence for 6 ¢ z,, £°, as an element of F“X” is

well-defined (see Remark 2.2).
Theorem 4.2.1et 9 ¢ z,. Then

f(') - 9+l’1q xn (q-1)
Proof.
0 (¢]
={1+ qu"'l = 14+x%! ZXq(q“'”
[ n21 n20

_Z( ) gD Y X

>0 n=0 )
(by equation (2.1))
22 9) |(ql)z‘l+nq) ng (g-1)
i=0 ( ! n2()

(by Theorem 4.1, as i ¢ N)

T 20 ge A

0 i+ng=t 20
Hence we must show that

ARNIRE

2ngq

B+tq )

Consider
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Min (t/q.m) m -

I A R S IR

20 n=0 n=0 t=()

m+8
)q

407 = (14x Y™ (4x)% = (10" (14x)® =(14x

n=()

=y (6+tqm,x: (mod p).

e g

-

Min (t/q m)

Hence
n()

Substituting m = t, we get Y

ngst

t-nq

as required.
Note. If f=3 x4 then (xf) = Yy x93 = xf-x.

n=0 n2|

Hence f is an algebraic series over F.

Corollary 4.3. Let Gezp. Then the scries -
Y O4nq | n@h g algebraic over F if, and only if, 8
n

n=0
is rational.

Corollary 4.4. Let K be a field of characteristic p>0.
Let 61,62,‘..,9n be p-adic integers. Then the set

{1.,6,,6,...6 .} is linearly independent over Q if, and

o [0+
only if, (¥ 8itmq x"‘q'”}ir___nl is a set of

n=0
algebraically independent series over K (x).
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